Abstract. A phase transition for bosonic atoms in a two-dimensional anisotropic optical lattice is considered. If the tunnelling rates in two directions are different, the system can undergo a transition between a two-dimensional superfluid and a one-dimensional Mott insulating array of strongly coupled tubes. The connection to other lattice models is exploited in order to better understand the phase transition. Critical properties are obtained using quantum Monte Carlo calculations. These critical properties are related to correlation properties of the bosons and a criterion for commensurate filling is established.
termines the amplitude of the potential. If the laser light is detuned to the red of the atomic transition, the potential will typically form an array of wells in which the atoms may be trapped if the potential is deep enough. The height and width of the potential barriers separating the wells determine the rate of tunnelling between them. In this way, the dimensionality of the sample can be controlled: making the potential barriers high enough in one Cartesian direction will effectively inhibit all tunnelling and result in a stack of independent, two-dimensional (2D) lattices.
Increasing the potential along a second direction yields a 2D array of 1D tubes of atoms.
Recently, such dimensional crossovers in optical lattices and their relation to other theoretical models have attracted considerable attention. References [4, 5, 6 ] studied a 2D array of one-dimensional tubes of atoms, known as Tomonaga-Luttinger liquids (TLL) [7] . In a randomphase approximation, phase boundaries, coherence properties and excitation spectra were expressed in terms of the parameters that characterise the TLLs. In Ref. [8] , we studied the corresponding situation in a 2D lattice geometry and investigated the relation between this model and a classical XY model [9] . It was determined that the transition between independent TLL tubes and a 2D superfluid is of Berezinskii-Kosterlitz-Thouless (BKT) type [10, 11, 12] if the density is held fixed, and as an example, the critical point was determined for a specific value of tunnelling matrix element and filling.
In this paper, we further investigate the transitions in the 2D case. Using quantum Monte Carlo calculations, we investigate the link between coherence properties and the critical point for the phase transition. We confirm that the transition is determined by a TLL theory and that it depends crucially on the commensurability of the atoms in the lattice. In Sec. 2, we lay out the theory. In Sec. 3, we show how the present Hamiltonian is equivalent to other lattice models, which clarifies the nature of the phase transition. Section 4 explains the numerical method and the finite-size scaling performed in order to locate the phase transition, and presents the results for the phase transition at unit filling. In Sec. 5 we show how it is linked to the coherence properties. In Sec. 6, it is illustrated how changing one of the parameters of the theory allows for a crossing a two subsequent phase transitions. In Sec. 7, we investigate commensurability and density dependence, and finally in Sec. 8 we summarise and conclude.
Phase transitions in a 2D Hubbard model
Consider a one-component gas of bosonic atoms in a 3D lattice potential created by three standing waves at right angles,
where k L = 2π/λ is the angular wave number of the light, and the potential heights V 0x , V 0y and V 0z are determined by the laser irradiance and detuning. In the tight-binding approximation, the many-body Hamiltonian is expanded in a basis of Wannier functions w n (r−r i ), each of which is localised in a well centred at position r i , where i labels the wells and n is a band index. If the wells are tight enough, and the atoms are cold enough, only the lowest-energy
Wannier function within each well, w 0 (r − r i ), needs to be taken into account; this is the lowest Bloch band. The gas is then described by the bosonic single-band Hubbard model [13] ,
where i is a placeholder for the three indices i x , i y , i z enumerating the lattice sites in the Cartesian directions, and the sum subscripted <ij> runs over pairs of neighbouring sites. The parameter U is the on-site interaction strength, t ij is the tunnelling matrix element for the barriers between sites i and j, and µ is the chemical potential, adjusted in the calculations to give the desired density of atoms. The on-site interaction strength is defined as
where a is the s-wave scattering length of the atoms and m is the atomic mass. Since this optical lattice is created by three independent pairs of standing waves, the tunnelling matrix element t ij in one particular term takes on one of three values. If the wells i and j are neighbours along the x direction, its value is
where d = λ/2 is the lattice spacing. The tunnelling matrix elements t y and t z are defined similarly.
It turns out that the tunnelling matrix elements depend exponentially on the potential depth [13] . As a result, one can easily make t x , t y and t z differ by orders of magnitude by a judicious choice of the laser irradiances.
Thus, V 0z can be chosen large enough that t z can be neglected and the sample is effectively 2D. In the following, we confine the discussion to the 2D Bose-Hubbard model (henceforth referred to as the Hubbard model for brevity).
The phase diagram is sketched in Fig. 1 these phases at t/U = 0.3 [14] . In higher dimensions, one may apply a mean-field approximation [9] , dictating that the transition occurs when the sum of all matrix elements equals the 1D value, i.e., Because of the finite excitation energy within the tubes, there can now exist a 1D MI phase if t y is sufficiently small. By the same argument, the tunnelling along the z direction can be neglected, as we assumed.
In a finite system, there is no true phase transition. In practice, this is not a problem since the phase transition is replaced by a crossover. In theory, it is always possible to let the system extend indefinitely along the weakly coupled y direction, while keeping it finite along the x direction. There is then a true phase transition between insulating and superfluid behaviour along the y direction.
We call this the 1D MI -2D SF transition.
In Refs. [4, 5, 6] , the 1D tubes were described using TLL theory. This theory describes a 1D many-body system, which is characterised by two parameters independently of statistics and the detailed properties of the constituent particles, namely the sound velocity v s and the TLL parameter K, defined as
Here, v F =hπρ/(md), where ρ is the filling factor, i.e., the number of bosons per site, and d is the lattice constant.
The TLL parameter K determines the behaviour of the particle-particle correlations Γ (i, j), which obey the power law
For the discussion of the correlations along different directions, we introduce the notation Γ x and K x for the correlations within the strongly coupled tubes, as well as Γ y and K y for describing correlations along the weakly coupled y direction.
Since a larger K x implies greater coherence along the x direction, we expect K x to increase with t x /U . Furthermore, it is a known exact result that
for a system of lattice bosons with only on-site interactions [7] . If one further decreases the tunnelling beyond the point where K x = 2, one enters the MI phase. However, the quantitative relation between t x and K x is not known in closed form.
Equivalence to other lattice models
In order to obtain an expression for the transition point, the TLL tubes were in Refs. [4, 5] treated as structureless sites by integrating out all degrees of freedom except a number operator N j and a phase operator φ j for each tube (the analysis was done with a 3D system in mind, but the results apply to the 2D case as well). In that way, a number-phase model [17] was obtained with a governing
where N 0 is the equilibrium number of particles per tube, and <ij> denotes neighbouring tubes in the y direction.
E J is usually referred to as the tunnelling energy and E C as the charging energy. The mapping is expected to hold in the 1D MI phase, but above the phase transition, where the whole 2D system is superfluid, it may not be valid. It was found in Refs. [4, 5] that
and
where the exponent
Thus, it is predicted that the behaviour of the particleparticle correlation function within the tubes determines the location of the critical point for the decoupling of the tubes. Here, L x is the number of sites that the lattice extends in the x direction, and C 0 is a constant that can in general not be obtained in closed form. The number-phase
Hamiltonian undergoes a SF-MI quantum phase transition at the critical point where
where the right-hand side is a universal numerical constant to be determined. Hence, for the critical value t yc of t y ,
as long as the analysis of Ref. [4, 5] provides a valid model for the anisotropic optical lattice. The same functional form for the critical point was obtained in Ref. [6] by means of a random-phase approximation. In Eq. (14), the filling ρ is defined as the mean number of atoms per lattice site, and is thus dimensionless. Due to the known constraints on K x , the power on L x lies between -1.75 and -2, where the former holds close to the transition to a 2D MI.
We define the effective coupling constant
Stated in terms of this quantity, the critical value of the tunnelling t y can be written as
where α x andt yc are constants to be determined.
The nature of the quantum phase transition in the number-phase model can be understood by making use of the general result that a quantum phase transition in D dimensions is in the same universality class -i.e., it has the same critical properties -as a classical phase transition in a certain corresponding model in D + 1 dimensions [9] . In 1D, with the number of bosons kept fixed, the transition studied here is in the same universality class as the classical XY model in 2 dimensions at a finite tempera- 
where quantities with the subscript XY refer to the 2D XY model and quantities without that subscript refer to the number-phase model. In terms of the underlying anisotropic
Hubbard model, we can thus write
where C 0 is the same constant as in Eq. (11) 
Finite size scaling
In the numerical calculations, the 2D Hubbard model was simulated using the stochastic series expansion method [22, 23] . The chemical potential µ was tuned to obtain the desired mean number of particles. By selecting those
Monte Carlo steps that correspond to a fixed number of particles, it was made sure that the calculations were performed at a given density, which is important for the characteristics of the phase transition. We chose β = 1000U
in order to make sure that ground-state properties were calculated, and the number of states per site was chosen to 6 in order to ensure convergence.
Systems of L x × L y sites were simulated, where the side lengths L x and L y were varied in order to assess the predicted dependence of the critical point on the length discussed in Sec. 2. The boundary conditions were chosen to be periodic, which is necessary for calculating the superfluid density as will be described. The most important calculated quantities are the superfluid density ρ s and the particle-particle correlations Γ x and Γ y . The superfluid density is numerically computed via the winding number
where W y is the net number of times that a particle line crosses the periodic boundary in the y direction in the simulations [10] . The superfluid density as a function of the ratio of tunnelling matrix element and on-site interaction energy, t y /U , is plotted in Fig. 2 for a few examples of parameter values. It is clear that the curves make a sharp drop at a transition point when t y /U becomes small enough. The transition point seems to depend on both L x and ρ, as was predicted in Sec. 3, and we now turn to the problem of calculating this dependence.
In order to locate the critical point, finite-size scaling must be performed [11, 12, 10] . However, the analysis of the present problem presents several difficulties compared with a classical XY model. At the BKT transition, the superfluid density assumes a value known as the universal jump, proportional to the critical temperature. This is routinely used in 2D XY-model simulations, but since if the 2D XY model has a superfluid density given by
The BKT transition occurs whent y assumes a critical value; at this point, all the curves ρ s,XY (t y ; L x ; L y ) com- the correspondence is only expected to hold in the 1D MI phase, so that fort y >t yc , one cannot require the data to coincide. Thus, one needs to consider the variance among the curves below a supposed critical point, and choose the value of α x that minimises the variance. This is to be done for each L y separately, and then the results for different L y can be compared. We thus do a spline interpolation of the points over the relevant range oft y and compute, for a given L y and α x , 
L y =32 Fig. 3 . Variance in the superfluid density among data sets as a function of the unknown exponent αx = 1/(2Kx).
and furthermore the summed variance over the whole range
In Eqs. value of L y , we obtain an optimal value for α x . Averaging over different L y , the result is
resulting in
When data for different system sizes L y are compared, they are expected to coincide at the critical point, but not below or above. In addition, the coincidence of the curves is exact only in the limit L y → ∞, but it is known how to make the lowest-order correction for finite L y . At the BKT transition point in the 2D XY model, the superfluid density depends asymptotically on the size of the finite sample as
where ρ s,XY (L y ) is the superfluid density computed using a side length L y . This result is known as WeberMinnhagen scaling [11] , and in Ref. [10] it was found that the procedure applies to non-quadratic systems as long as the winding number is computed along the shorter dimension of the sample. In our effective XY model, L x,XY is proportional to the inverse temperature of the Hubbard model and it is thus much larger than L y . The constant C was in Ref. [12] found to be equal to 1.8. obtained from correlations will be discussed in Sec. 5.
In order to check the above results, we apply a dif- . In the figure, we have also inserted the previously obtained resultt yc = 0.30 for the case L x = 1, which is just the 1D Hubbard model [14] . Fig. 5 is a qual- itative support for the prediction of Refs. [4, 5, 6 ] that the critical coupling decreases as a power-law function of L x , with a power slightly below 2.
Phase transition and correlations
One important prediction made in Refs. [4, 5, 6] is that the dependence on the transition point t yc on tube length L x is linked to the behaviour of the particle-particle correlations in an isolated tube. In order to test this, we compute the correlation function Γ x (i x ), where i x is the number of lattice sites separating two points in the x direction. An example of a computed correlation function is shown in 6 Dependence on in-tube tunneling
As a way to visualise the three predicted phases, we show as an example in Fig. 7 the result of a calculation where the tunnelling in the strongly coupled x direction, t x , has been changed while t y is kept constant at t y = 0.003U . It is seen that the superfluid density corresponding to the x direction begins to increase first, at the point labelled A, and the increase of ρ s,y commences at the later point B. This is precisely what is expected for a system that crosses the two transition lines. However, one should note that the increase of ρ s,y seems to saturate at point C, and at the same point, the slope of the curve for ρ s,x is also seen to slightly decrease.
In fact, when one tunes t x such that the 2D MI, 1D
MI, and 2D SF phases are visited in turn, then both phase transitions belong to the BKT universality class. Furthermore, experience shows that it is the onset of the drop from a finite value, not the onset of a rise from a value close to zero, that should be identified with the BKT transition point. In Fig. 7 it thus seems that it is the point labelled C, rather than the points labelled A and B, that indicates the true transition, and one can conclude that the transitions associated with the strong and weak couplings occur (within calculated error bars) at the same point. This is also what the theory for the infinite system dictates: there is no 1D MI phase if both L x and L y are taken to infinity.
Here, however, we are concerned with finite systems, so we
should not take the limit of infinite L x . The figure shows
clearly that in the finite system, there is a region in which the superflow along the x direction is non-negligible but that along the y direction is very small. This is the 1D MI phase, but it cannot be found by applying finite-size scaling for the x direction.
7 Phase transition at non-integer density The results are shown in Fig. 8 .
The finite-size scaling was performed as described in Sec. 4. In the commensurate case, ρ = 5/4, a phase transition is found. For the incommensurate case, ρ = 19/16, the data may be collapsed with the best-fit result K x = 3.6, andt yc = 0.21. However, it is seen in Fig. 8 that the superfluid density for this incommensurate density does not go steeply to zero when t y is decreased below the calculated critical point, even for the largest system size L y = 32. Instead, the data is clearly consistent with the curves meet- ing the x axis at the origin, unlike the commensurate cases ρ = 1 and ρ = 5/4. We conclude that the data corroborates the conclusion that the filling per tube needs to be integer in order for the 1D MI phase to exist.
Conclusions
In this paper, we have studied bosons trapped in twodimensional optical lattices by Monte-Carlo calculations, with the objective of characterising phase transitions and their dependence on dimensionality and lack of isotropy.
Apart from the expected phases, where one have superfluidity or Mott insulation along both directions, we show that there also can exist situations where atoms may tunnel along one direction, while not along the other. This means having superfluidity, and accordingly strong correlations, in only one of the two available dimensions. We call this phase a one-dimensional Mott insulator.
We study the transition to this phase from a twodimensional superfluid and explore the conditions for this phase transition to occur. We find that the transition point depends on a specific combination of the weaker tunnelling matrix element t y , the on-site interaction strength U , the number of sites in the strongly coupled direction L x , the filling ρ, and in addition the Luttinger parameter K x , which depends on the stronger tunnelling matrix element t x . The transition point and the Luttinger parameter are both calculated.
We also verify that the location of the phase transition is connected to the decay of particle-particle correlations in a manner consistent with predictions based on Tomonaga-Luttinger liquid theory [4, 5, 6] , and that the transition occurs when the number of particles is commensurate with the side length of the system in the direction of weak tunnelling, but not necessarily with the number of sites. 
